Two estimates useful in applications are proved for the generalized Fourier-Bessel transform in the space L 2 α,n as applied to some classes of functions characterized by a generalized modulus of continuity.
Introduction and preliminaries
In [2] , Abilov et al. proved two useful estimates for the Fourier transform in the space of square integrable functions on certain classes of functions characterized by the generalized continuity modulus, using a translation operator . In this paper, we prove two useful estimates in certain classes of functions characterized by a generalized continuity modulus and connected with the generalized Fourier-Bessel transform in the space L 2 α,n analogs of the statements proved in [2, 4, 5] . For this purpose, we use a generalized translation operator.
Consider the second-order singular differential operator on the half line
where α > − 1 2 and n = 0, 1, 2, ..... For n = 0, we obtain the classical Bessel operator
For α > − 1 2 and n = 0, 1, 2, ...., let M be the map defined by
Let L 2 α,n be the class of measurable functions f on [0, ∞[ for which
, we introduce the normalized spherical Bessel function j α defined by
where J α (x) is a Bessel function of the first kind and Γ(x) is the gammafunction. The function y = j α (x) satisfies the differential equation
with the initial conditions y(0) = 1 and y 0 (0) = 0. The function j α (x) is infinitely differentiable, even, and, moreover entire analytic. Lemma 1.1. The following inequalities are fulfilled:
Proof. (see [1] )
For λ ∈ C and x ∈ R, put
From [2] recall the following properties.
Proposition 1.2.
1. ϕ λ satisfies the differential equation
2. For all λ ∈ C, and x ∈ R
The generalized Fourier-Bessel transform we call the integral from [2]
Let f ∈ L 1 α,n , the inverse generalized Fourier-Bessel transform is given by the formula
From [2] , we have
2. The generalized Fourier-Bessel transform F B extends uniquely to an isometric isomorphism from
Define the generalized translation operator T h , h > 0 by the relation
where τ h α+2n are the Bessel translation operators of order α + 2n defined by
where
α,n , and
where r = 1, 2, .....
The first and higher order finite differences of f (x) are defined as follows
where E is the identity operator in L 2 α,n , and
The kth order generalized modulus of continuity of function f ∈ L 2 α,n is defined as
where ψ(t) is any nonnegative function given on [0, ∞) and ψ(0) = 0, for the generalized Bessel operator B, we have
Proof. From formulas (1.2) and (2) of Proposition 1.4, we have
and
Plancherel's identity gives the result.
Main Result
In this section, we prove two estimates for the integral
where r = 0, 1, ....; k = 1, 2....; c > 0 is a fixed constant, and ψ(t) is any nonnegative function defined on the interval [0, ∞).
. Taking into account the Hölder inequality yields
From formulas (1.1) and (3) of Lemma 1.1, we have
Setting h = c N in the last inequality and choosing c > 0 such that
which proves theorem 2.1.
Theorem 2.2. Let ψ(t) = t ν . Then the following are equivalents 1.
where r = 0, 1, 2.....; k = 1, 2, ....; 0 < ν < 2.
1) =⇒ 2) Assume that
rom Lemma 1.5, we have
This integral is divided into two
From formula (1) of Lemma 1.1, we have
Now we estimate I 1 . By virtue of formula (2) of Lemma 1.1. hus, the proof is finiched.
